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Abstract
In this paper it has been veriﬁed, by an exhaustive computer search, that in PG(2, 25) the smallest size of a complete arc is 12 and
that complete 19-arcs and 20-arcs do not exist. Therefore, the spectrum of the sizes of the complete arcs in PG(2, 25) is completely
determined. The classiﬁcation of the smallest complete arcs is also given: the number of non-equivalent complete 12-arcs is 606 and
for each of them the automorphism group has been found and some geometrical properties have been studied. The exhaustive search
has been feasible because projective equivalence properties have been exploited to prune the search tree and to avoid generating too
many isomorphic copies of the same arc.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In the projective plane PG(2, q) over the Galois ﬁeld GF(q) an n-arc is a set of n points no three of which are
collinear. An n-arc is called complete if it is not contained in an (n+ 1)-arc of the same projective plane. For a detailed
description of the most important properties of these geometric structures, we refer the reader to [10]. It can be shown
that arcs and linear maximum distance separable codes (MDS codes) are equivalent objects [29–31]. Partly because of
this fact, in recent years the problem of determining the spectrum of values of n for which a complete arc exists has
been intensively investigated. This paper is concerned with the spectrum of the sizes of the complete arcs in PG(2, 25)
and the classiﬁcation of the smallest complete arcs. In PG(2, q) the cardinalities of the largest complete n-arc and of
the second largest complete n-arc are denoted, respectively, by m2(2, q) and by m′2(2, q), while the smallest size of a
complete n-arc is indicated by t2(2, q).
By Bose’s theorem [4], m2(2, q) = q + 1 if q is odd and m2(2, q) = q + 2 if q is even. Every (q + 1)-arc is an
irreducible conic if q is odd [26], while for even q a regular hyperoval (an irreducible conic plus its nucleus) is an
example of (q + 2)-arc. For q = 2, 4, 8 every hyperoval is regular [27], while for q = 16 there is an irregular hyperoval
[13]. General bounds and particular values for m′2(2, q) and t2(2, q) can be found in [13,8].
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Table 1
The sizes of complete n-arcs in PG(2, q), q23
q t2(2, q) Sizes of complete n-arcs with t2(2, q)<n<m′2(2, q) m′2(2, q) m2(2, q) References
2 4(1) 4(1) [10]
3 4(1) 4(1) [10]
4 6(1) 6(1) [10]
5 6(1) 6(1) [10]
7 6(2) 6 8(1) [10]
8 6(3, 1) 6 10(1) [10,20]
9 6(1) 7(1) 8(1) 10(1) [10]
11 7(1) 8(9), 9(3) 10(1) 12(1) [12,9]
13 8(2) 9(29), 10(21) 12(1) 14(1) [9,20]
16 9(6, 2) 10(1944, 504), 11(113, 30), 12(32, 9) 13(1) 18(2) [17,20,23]
17 10(560) 11(2644), 12(553), 13(8) 14(1) 18(1) [7,23]
19 10(29) 11(9541), 12(30 135), 13(2232) 14(40) 20(1) [7,23]
23 10(1) 12, 13, 14, 15, 16 17(5) 24(1) [7,20]
Table 2
Lower bounds for t2(2, q)
q t2(2, q)> References
q
√
2q + 1 [28]
q prime
√
3q + 1/2 [3]
q = p2, p prime √3q + 1/2 [2]
The spectra of the sizes of complete arcs in PG(2, q), q23, are summarized in Table 1, where the ﬁrst number in
parenthesis represents the number of classes up to PGL(3, q)-equivalence while the second number (in parenthesis),
found by the authors in [20], represents the number of classes up to PL(3, q)-equivalence. In [20] the authors
also found the number of classes of the complete 17-arcs in PG(2, 23) and veriﬁed that the exact number of non-
equivalent complete 9-arcs in PG(2, 13) is 29 and not 30 as indicated in [1,9].
In PG(2, q), if K is a complete k-arc then(
k
2
)
(q + 1) − (k − 2)(2k − 3) |PG(2, q)|
holds [8].
The other lower bounds on t2(2, q) are given in Table 2.
In this article it is proved by a computer-based proof that
t2(2, 25) = 12
and that the spectrum of the sizes of the complete arcs in PG(2, 25) is
12, 13, 14, 15, 16, 17, 18, 21, 26.
This result has been obtained by an exhaustive computer search that has been feasible because projective properties of
the arcs have been exploited. In fact, in writing effective computer search programs in projective spaces, some strategy
has to be adopted to avoid producing too many isomorphic copies of the same arc and searching through parts of the
search space isomorphic to previously searched portions [25].
The algorithm used starts constructing a tree structure containing a representative of each class of equivalent arcs
of size less than or equal to a ﬁxed threshold h. If the threshold h were equal to the actual size of the sought arcs, the
algorithm would be orderly, i.e. capable to construct each goal conﬁguration exactly once. However, in the present
case, constructing the tree with the threshold h greater than 8 would have been too space and time consuming. For this
reason a hybrid approach has been adopted. The tree representing the non-equivalent arcs of size less than or equal to 8
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has been constructed and then every non-equivalent 8-arc has been extended using a backtracking algorithm trying to
obtain complete arcs of size 12, 19 or 20. In the backtracking phase, the information obtained during the classiﬁcation
of the arcs has been further exploited to prune the search tree. In fact the points that would have given arcs equivalent
to already obtained ones have been excluded from the backtracking steps. The algorithm is described in detail in the
next section.
It is known that in PG(2, 25) there exist complete 21-arcs, all the arcs of size 22, 23, 24, and 25 are incomplete and
that the 26-arcs are always complete. In general, it is known that there exist complete (q − √q + 1)-arcs in PG(2, q),
q > 4, q square (see [6] and the references therein). In this paper it has been proven that no complete arcs of size 19
and 20 exist in PG(2, 25). This fact may give a motivation to state that there are no complete arcs of size (q − √q)
and (q − √q − 1) in PG(2, q), q square, q25 [24]. A result which is already known from results of Hirschfeld and
Korchmáros for q even square, q large enough [11].
The authors also classiﬁed the smallest complete arcs in PG(2, 25) ﬁnding 606 classes of 12-arcs up to PL(3, 25)-
equivalence. For each arc the automorphism group has been found and some geometrical properties have been studied.
The plan of the paper is the following: in the second section the algorithm used to construct the arcs is presented; in
the third the results obtained concerning the spectrum of the sizes of the complete arcs and the value of t2(2, q); in the
fourth some geometrical properties of the smallest complete arcs; in the ﬁfth related results; in the sixth concluding
remarks and a discussion of the correctness of our program.
2. The algorithm for the construction of the arcs
In this section the algorithmused in the search of the arcs is presented.The programaccomplishes an exhaustive search
for n-arcs in PG(2, q) of size less than or equal to s. The ﬁrst step is the classiﬁcation, up to projective equivalence,
of the arcs in PG(2, q) of size less than or equal to h. The procedure is an application of the so-called method of
‘isomorph rejection’ (see for instance [16]). Start with R = {(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)} and deﬁne Cand to
be the set of the points of the plane lying on no 2-secant of R. If Cand is non-empty, that is, R is not a complete arc, the
following equivalence relation can be introduced in Cand: PQ if and only if R ∪ {P } is projectively equivalent to
R ∪ {Q}. Let {Ci}i be the set of the equivalence classes. Then, not only can the choice of the next point be limited to
one representative Pi from each class, but after having constructed all arcs containing R ∪ {Pi}, when considering the
arcs containing R ∪ {Pj } with i < j , choosing points in the classes Ck , with k < j can be avoided. An arc containing
such a point would in fact be projectively equivalent to an arc that was obtained previously. Iterate the process and
obtain a tree structure of equivalence classes:
The depth of the tree is h − 4. If R ∪ {Pi1} ∪ · · · ∪ {P i1...im−1im } ∪ {P } is projectively equivalent to R ∪ {Pi1} ∪ · · · ∪
{P i1...im−1im } ∪ {Q}, where P i1...irs ∈ Ci1...irs , then P,Q ∈ C
i1...im
j .
The algorithm continues looking only for n-arcs containing one of the non-equivalent h-arcs. To complete each h-arc
into a complete n-arc of size less than or equal to s the following backtracking algorithm is used.
The points of the plane are sorted (the particular order does not matter) and only arcs with points in increasing order
are generated. In this way each n-arc is considered just once, i.e. the algorithm is systematic. The program considers
each non-equivalent h-arc and tries to extend it until it reaches the desired length. In doing the extension the program
exploits the information furnished by the data structure V, a bit vector matrix representing the set of non-saturated
points after each choice, i.e. the set of points which are not collinear with any two of the points which have already
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been chosen. At each choice, the program selects the ﬁrst non-saturated point greater than the previous choice at that
level. Then it computes the next row of the matrix V copying the current row and deleting all the points collinear with
the current chosen point and the points previously chosen. To do this the program uses a pre-computed incidence table
that for any pair of points returns the line joining them. Also the lines of the plane are pre-computed. Each line is
represented as a bit vector of length equal to the number of points of the plane.
Each time the program tries to complete an h-arc into a complete n-arc, it sorts the points of the plane in a different
way, putting at the beginning the points which will be skipped because of projective equivalence, so that in practice
they are never chosen in extending the current h-arc, but are only considered in the completeness test.
In algorithmic terms this means that the program backtracks in two cases:
• after the choice of the sth point. In this case, it veriﬁes if the constructed s-arc is complete by checking if all the
points in the (s + 1)st row of V are marked;
• if there are no more choices for the j th point. In this case, it veriﬁes if the constructed (j − 1)-arc is complete by
checking if all the points in the j th row of V are marked.
In both cases, to restore the correct status after the backtracking step, the program only needs to consider the previous
row of V.
For practical reasons, the program saves the current h-arc so that, in the case of an interruption of the run, the program
does not need to restart from the beginning, but can ignore the h-arcs already considered. This feature is crucial in long
runs.
The computational complexity of the algorithm is an exponential function of the number of points of the current
n-arc, even if the pre-computation of the incidence table and of the lines of the plane increases the efﬁciency of the
program.
The information obtained by classifying the h-arcs is further exploited to restrict the number of points of the
plane that may be chosen when completing the current h-arc. In fact when generating the n-arcs containing the arc
R ∪ {Pi1} ∪ · · · ∪ {P i1...im−1im } ∪ {P } after having generated the n-arcs containing the arcs R ∪ {Pj }, j < i1, R ∪ {Pi1} ∪
{P i1j }, j < i2, . . . , R ∪ {Pi1} ∪ {P i1i2 } ∪ · · · ∪ {P
i1...im−1
j }, j < im, where P i1...irs ∈ Ci1...irs , the points belonging to
C1 ∪ · · · ∪ Ci1−1 ∪ Ci11 ∪ · · · ∪ Ci1i2−1 ∪ · · · ∪ C
i1...im−1
1 ∪ · · · ∪ Ci1...im−1im−1 can be neglected because an n-arc containing
such a point would be projectively equivalent to an n-arc already obtained. For example an n-arc containing the set
R∪{Pi1}∪ {P i1i2 }∪ · · ·∪ {P
i1...im−1
im
}∪ {P }∪ {Q} where Q ∈ Ch with h< i1 would be equivalent to an already obtained
n-arc containing the arc R ∪ {Ph}.
For efﬁciency reasons each set of classes {Ci1...irj }j is sorted according to the cardinality of the classes.
3. The spectrum of the sizes of complete arcs in PG(2, 25)
The spectrum of the sizes of complete arcs in PG(2, 25) has been determined using a program based on the algorithm
presented in the previous section. The ﬁrst step has been the classiﬁcation of the arcs of PG(2, 25) of size less than or
equal to 8 up to PL(3, q)-equivalence. The program found 7 non-equivalent arcs of size 5, 205 non-equivalent arcs
of size 6, 7163 non-equivalent arcs of size 7 and 210 299 non-equivalent arcs of size 8. Each 8-arc has been extended as
described in the previous section to obtain complete arcs of size less than or equal to 12 and complete arcs of size 19 and
20. No complete arcs of size 20, 19 and less than 12 were found. As examples of complete arcs of size k, 12k18,
are known [14,15,18,19] and m′2(2, 25) = 21 [5], the spectrum of the sizes of complete arcs in PG(2, 25) is
12, 13, 14, 15, 16, 17, 18, 21, 26.
When looking for complete arcs of size less than or equal to 12, a set of 3582 examples of complete 12-arcs has
been found. The algorithm used guarantees that any other complete 12-arc is projectively equivalent to an element of
this set.
In [5] it is stated that there exists an unique complete 21-arc up to PL(3, 25)-equivalence. The search for the
complete 12-arcs lasted about 30 h on a 200MHz PC and the search for the complete 19-arcs and the complete 20-arcs
lasted about 5 days on the same computer. The complete 12-arcs obtained have been classiﬁed using MAGMA, a system
for symbolic computation developed at the University of Sydney. The number of non-equivalent complete 12-arcs up
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to PL(3, 25)-equivalence is 606. The list of these complete 12-arcs and an example of a complete arc for each value
of the spectrum can be found in [21]. In the following section some geometrical properties of the smallest complete
arcs of PG(2, 25) are given and some interesting complete 12-arcs are listed.
4. Classiﬁcation of the smallest complete arcs in PG(2, 25)
Let S be the set of all the 606 (up to PL(3, 25)-equivalence) smallest complete arcs of PG(2, 25).
The groups of automorphisms of all the arcs of S have been determined using MAGMA. The results are summarized
in Table 3.
Some geometrical properties of the arcs of S have been investigated; the following theorem summarizes some of the
obtained results:
Theorem 1. Let C be the set of all irreducible conics of PG(2, 25). Then the following hold:
(a) |K ∩ G|10, for all K ∈ S and for all G ∈ C;
(b) there is exactly one complete 12-arc, say K, such that there exists one conic in C, say G, with |K ∩ G| = 10;
(c) there are exactly nine complete 12-arcs K, such that, for each of them, there exists one conic G inC,with |K∩G|=9;
(d) all the other complete 12-arcs have at most 8 points on a conic.
A more detailed description of the properties of the arcs follows. The arcs are partitioned according to the automor-
phism group.All of the presented arcs contain the set of points R={(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)} and the ﬁeld
GF(25) has been constructed using the primitive polynomial 2 + + 2.
4.1. Smallest complete arcs of PG(2, 25) stabilized by Z1
There are 290 classes and for each of them, say K, |K ∩G|9, for all G ∈ C. Besides there is exactly one complete
12-arc with |K ∩ G| = 9 namely K = R ∪ {(1, 14, 19), (1, 19, 9), (1, , 17), (1, 2, 4), (1, 5, ), (1, 8, 10),
(1, 13, 4), (1, 16, 3)} and G = xy + xz + 3yz.
In Table 4 the list of classes is described in relation to the existence of G ∈ C such that 7 |K ∩ G|8.
In the case K = R ∪ {(1, 5, 10), (1, 4, 5), (1, , 17), (1, 21, ), (1, 2, 4), (1, 23, 14), (1, 16, 11), (1, 11, 3)}
and G1 = x2 + 15xy + 15xz + 4y2 + yz and G2 = xy + 23xz + 13yz, we have |K ∩ G1| = |K ∩ G2| = 8 and
|K ∩ G1 ∩ G2| = 4.
Table 3
Automorphism groups of the smallest arcs of PG(2, 25)
Group Number of arcs Group Number of arcs
Z1 290 Z6 1
Z2 260 D3 14
Z3 21 D6 2
Z2 × Z2 17 (Z3 × Z3)Z2 1
Table 4
|{Ki}| |{Gj }| : |Ki ∩ Gj | = 7 |{Ki}| |{Gj }| : |Ki ∩ Gj | = 8
32 0 263 0
108 1 26 1
90 2 1 2
43 3
14 4
3 5
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Table 5
|{Ki}| |{Gj }| : |Ki ∩ Gj | = 7 |{Ki}| |{Gj }| : |Ki ∩ Gj | = 8
52 0 201 0
67 1 57 1
69 2 2 2
45 3
23 4
3 5
1 6
Table 6
|{Ki}| |O| = 1 |O| = 2
29 0 6
227 2 5
4 4 4
Table 7
|{Ki}| |{Gj }| : |Ki ∩ Gj | = 7
15 0
2 3
4 6
4.2. Smallest complete arcs of PG(2, 25) stabilized by Z2
There are 260 classes and for each of them, say K, |K ∩ G|9, for all G ∈ C and there are exactly 8 complete
12-arcs with |K ∩ G| = 9.
In Table 5 the list of classes is described in relation to the existence of G ∈ C such that 7 |K ∩ G|8.
The list of classes in relation to the cardinality of their orbits is described in Table 6.
4.3. Smallest complete arcs of PG(2, 25) stabilized by Z3
There are 21 classes and each of them has four orbits of three elements. Besides, for every class, say K, |K ∩G|8,
for all G ∈ C and there is exactly one complete 12-arc such that there exist some elements (precisely 3) G ∈ C
with |K ∩ G| = 8, namely K = R ∪ {(1, 4, 23), (1, , 17), (1, 14, ), (1, 5, 13), (1, 15, 5), (1, 7, 3), (1, 2, 4),
(1, 16, 2)} andG1=11xy+16xz+y2+15yz andG2=x2+xy+14xz+4yz andG3=21xy+16xz+yz+z2.
Table 7 describes the list of classes in relation to the existence of G ∈ C such that |K ∩ G| = 7.
4.4. Smallest complete arcs of PG(2, 25) stabilized by Z2 × Z2
There are 17 classes and for each of them, say K, |K ∩G|10, for all G ∈ C and there is exactly one complete 12-
arc, namely K =R∪{(1, 3, 20), (1, 20, 19), (1, , 17), (1, 4, 7), (1, 11, 16), (1, 21, 4), (1, 8, 9), (1, 5, 3)},
such that there exists some element (more precisely only one) G ∈ C, namely G = x2 + 23xy + 23xz + yz, with
|K ∩ G| = 10: it is the unique example among the 606 classes.
Besides there are no classes such that there exists some element G ∈ C with |K ∩ G| = 9.
Table 8 describes the list of classes in relation to the existence of G ∈ C such that |K ∩ G| = 7, 8.
The list of classes in relation to the cardinality of their orbits is described in Table 9.
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Table 8
|{Ki}| |{Gj }| : |Ki ∩ Gj | = 7 |{Ki}| |{Gj }| : |Ki ∩ Gj | = 8
11 0 6 0
5 2 8 1
1 4 1 2
2 3
Table 9
|{Ki}| |O| = 1 |O| = 2 |O| = 4
1 2 1 2
9 0 2 2
5 0 4 1
2 0 6 0
Table 10
|{Ki}| |{Gj }| : |Ki ∩ Gj | = 7 |{Ki}| |{Gj }| : |Ki ∩ Gj | = 8
8 0 9 0
4 3 2 1
2 6 3 3
Table 11
|{Ki}| |O| = 1 |O| = 2 |O| = 3 |O| = 6
2 1 1 1 1
9 0 0 2 1
3 0 0 0 2
4.5. Smallest complete arcs of PG(2, 25) stabilized by Z6
There is only one 12-complete arc K with G=Z6, namely K =R ∪ {(1, 3, 14), (1, 17, 13), (1, , 17), (1, 2, 4),
(1, 9, 8), (1, 3, 19), (1, 2, 5), (1, 22, 10)}.
For all G ∈ C, |K ∩ G|6 and there are 42 conics Gi i = 1, . . . , 42, with |K ∩ Gi | = 6. There are two orbits, each
of them constituted by six points.
4.6. Smallest complete arcs of PG(2, 25) stabilized by D3
There are 14 classes with the dihedral group D3 as automorphism group. For each class, say K, |K ∩ G|8, for all
G ∈ C.
In Table 10 the list of classes is described in relation to the existence of G ∈ C such that 7 |K ∩ G|8.
The list of classes in relation to the cardinality of their orbits is described in Table 11.
4.7. Smallest complete arcs of PG(2, 25) stabilized by D6
There are 2 classes and each of them has two orbits of six elements. For the ﬁrst, namely K1 = R ∪ {(1, 10, 8),
(1, 2, 16), (1, 4, 2), (1, , 17), (1, 5, 13), (1, 20, 9), (1, 2, 4), (1, 4, 21)}, there exist three conics Gi ∈ C,
i = 1, 2, 3, with |K ∩ Gi | = 8 and 28 Gj ∈ C, i = 1, . . . , 28, with |K ∩ Gi | = 6. For the second, namely K2 = R ∪
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{(1, 17, 14), (1, 16, 7), (1, 14, ), (1, 4, 2), (1, , 17), (1, 2, 4), (1, 10, 15), (1, 2, 3)}, there exist 49 Gj ∈ C,
i = 1, . . . , 49, with |K ∩ Gi | = 6.
4.8. Smallest complete arcs of PG(2, 25) stabilized by (Z3 × Z3)Z2
There is only one 12-complete arc, namely K = R ∪ {(1, 13, 11), (1, 3, 2), (1, , 17), (1, 10, 21), (1, 15, 5),
(1, 2, 4), (1, 16, 20), (1, 9, 3)}, with this group as stabilizer. For all G ∈ C, |K ∩G|8. More precisely there exist
three conics Gi ∈ C, i = 1, 2, 3, with |K ∩ Gi | = 8 and 36 Gj ∈ C, i = 1, . . . , 36, with |K ∩ Gi | = 6. The orbits are
two, one of three points and one of nine points.
5. Related work
Using the algorithm presented in this paper, in [22] we proved that t2(2, 27) = 12 and that t2(2, 29) = 13 and we also
classiﬁed the smallest complete arcs in PG(2, 27). The smallest size of a complete arc in PG(2, 31) and in PG(2, 32)
are currently being investigated.
6. Conclusion
As opposed to the situation in which the computer constructs examples which can then be checked directly (at least
in principle), the results in this paper are based on the non-existence of certain n-arcs and their correctness relies on the
correctness of the programs. However, we are conﬁdent in the results obtained because the program has been tested
in the known cases giving results which agree with the theory. Also the case of an undetected hardware error, such
as the random changing of bits in a computer word, that could cause the loss of a branch of the search tree, probably
would not change the result. In fact, even if the algorithm itself prunes the search tree, equivalent n-arcs remain in
different branches, so errors that avoid exploring all the branches which contain a certain class of equivalent n-arcs are
improbable. These aspects are addressed, for example, in [16].
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